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PRIME VALUES OF a 2 + p 4 


D.R. HEATH-BROWN AND XIANNAN LI 


Abstract. We prove an asymptotic formula for the number of primes of the shape 
a 2 + p 4 , thereby refining the well known work of Friedlander and Iwaniec [5]. Along the 
way, we prove a result on equidistribution of primes up to x, in which the moduli may 
be almost as large as x 2 . 


1. Introduction 

Many remarkably difficult conjectures in prime number theory take the form that 
there are infinitely many primes in some set of natural numbers S. In many interesting 
examples, we even have conjectured asymptotic formulas for the number of primes in S. 
Thus, we think that there are infinitely many primes of the form p + 2, a 2 + 1, a 2 + 6 6 , 
and so on. Here, and everywhere in the paper, p shall always denote a prime. 

The generality of our belief is in stark contrast with the paucity of examples for which 
we can prove our conjectures. In this paper, we are interested in the problem of finding 
primes in sequences which occur as the special values of a polynomial in two variables. 
For polynomials in one variable, only the linear case is understood, from the work of 
Dirichlet. 

A classical result is that there are infinitely many primes of the form a 2 + b 2 . Indeed, 
by a result of Fermat, primes of that form are essentially the same as primes of the 
form An + 1, so that this reduces to a special case of Dirichlet’s theorem on primes in 
arithmetic progressions. Let us define the exponential density of the sequence of values 
of the polynomial P(a, b ) as the infimum of those real A for which 

#{P(a, b) < x} <C x x . 

Then the density of the sequence defined by a 2 + b 2 is 1, the same as the set of all 
natural numbers. 

It is much more challenging to prove a similar result when the sequence given by 
P(a, b ) has density less than 1. The first result in this direction was the breakthrough 
of Friedlander and Iwaniec [3] on the prime values of a 2 + 6 4 , which was followed by the 
result of Heath-Brown [Sj on primes values of a 3 + 2b 3 . It is worth mentioning that the 
density of the sequence is not the only measure of difficulty, as no results are available 
for prime values of a 2 + b 3 due to its lack of structure. 

Aside from generalizations of Heath-Brown’s result to more general cubic polynomials 
by Heath-Brown and Moroz (9], the theorems of Friedlander and Iwaniec [4] and Heath- 
Brown [8] remain the only results of this type. In this paper, we add the following example 
on prime values of a 2 + p 4 . 

Theorem 1. 
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#{a 2 + p 4 < x : a > 0 and a 2 + p 4 is prime} = v 


AJx V 4 
log 2 x 


1 + O e 





where 


and 


■I —I Vl — t 4 dt, 



5 


for Xa the non-principal character modulo 4. 


In the statement of the Theorem above, and in the rest of the paper, e denotes any 
sufficiently small, positive constant, not necessarily the same in each occurrence. 

Remark 1. The reader may check that the number of elements a 2 + p 4 < x is well 
approximated by 4 j^ 4 . 

Our method also applies to more general sequences a 2 + y 4 where y is restricted to a 
set Y which is regularly distributed and is not too sparse. 

As in the works [4] and [8], the proof rests on establishing a level of distribution for the 
sequence, and the estimation of special bilinear sums. The first appears in classical sieve 
theory, and simply asks for good estimates for the remainder term in counting numbers of 
the form a 2 +p 4 divisible by a given integer d, averaged over d. The bilinear sums estimate 
is the ingredient which allows us to overcome the parity barrier, and as in previous works 
is the most significant part of the proof. 

One ingredient used in Friedlander and Iwaniec’s work on prime values of a 2 + b 4 is 
the regularity of the distribution of the squares of integers, which allows them to use a 
delicate harmonic analysis argument to extract certain main terms in their bilinear sum, 
and prove that the error terms are small on average (see Sections 4-9 in [4]). This is the 
portion of their work which overcomes the sparsity of their sequence. 

This regularity does not exist in the case of squares of primes, and we need to develop a 
method which applies for more general sequences. In particular, we prove a result about 
the distribution of sequences in arithmetic progressions, which is similar in spirit to a 
general form of the Barban-Davenport-Halberstam theorem. In our case, for a 2 +p 4 < x, 
we have p < x l ^ 4 1 while the modulus appearing in our bilinear sum can be as large as 
x 1 ! 2 - 8 . We thus need an equidistribution result which holds when the modulus goes up 
to nearly the square of the length of the sum, in contrast to the Barban-Davenport- 
Halberstam theorem. Since this result is of independent interest, we first illustrate our 
result in the case of primes below. 


Corollary 1. For (a,q) = 1, let 

S(x;a,q)= ^ A(m)A(n). 

m,n<x 

n=am (mod q) 


Then for any A > 0, 


there exists B 

E E‘ 

q<Q a (mod q) 


= B(A) such that 
2 2 

s{x ' a ’ q) ~W) 





for Q < x 2 (logx) B . 

At first sight it seems remarkable that the primes up to x should be well distributed for 
moduli as large as x 2 (loga;) _B , but this is essentially the conclusion of the Corollary. The 
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reader may verify however that the analogous result does not hold without the average 
over a (mod q). 

For our application, we will require a more general result which applies for sequences 
satisfying the Siegel-Walfisz condition, which is essentially saying that the sequence is 
equidistributed for small moduli. Remark [2] below makes this precise. 


Remark 2. We say that an arithmetic function c(n) satisfies a Siegel-Walfisz condition 
if for any constant k, we have that for any q < (loga;) K ; and any nonprincipal character 
X (mod q), we have 

(1) J^x(n)c(n) <C K x 1/2 ||c||(logx)" K . 

n<x 


Here ||c|| 2 = Yh n |c(n)| 2 as usual. 

This is known in the case c(n) = A (n) by the Siegel-Walfisz Theorem so Corollary |T] 
follows immediately from Corollary [2] below. 


Corollary 2. Let Ci(n) and c 2 (n) be arithmetic functions supported on n < x with c\ (n) 
satisfying the Siegel-Walfisz condition given by dTJ). For ( a,q ) = 1, let 


and let 


S(x) a, q) = ^ ci(m)c 2 (n), 

m,n<x 
(mn,q )=1 
m=an (mod q) 


S(x\q) 


1 

0 (?) 


t \ 

ci ( m ) 

m<x 

\{m,q)=l ) 


( \ 

n<x 

\(n,q)=l ) 


Then for any A > 0, there exists B = B(A) such that for Q < x 2 (\ogx) B 


|S(z;a,g) -S(x;q)\ 2 < — !|cit|| 2 ||c 2 t|| 2 . 

q<Q a (mod q) ^ 


Corollary [2] follows from the more technical Theorem [2] stated in Section [12] which 
applies to general sequences not necessarily satisfying the Siegel-Walfisz condition. 

After using Corollary [2] to extract main terms in our bilinear sum, we still need to 
estimate the sum of these main terms. In Friedlander and Iwaniec’s treatment, this 
involves a difficult direct estimation (see Sections 10-26 in HD- We avail ourselves of 
their work in our estimates as well. 

In our treatment, we compare our a 2 +p 4 with the sequence given by a 2 +p 2 , previously 
studied by Fouvry and Iwaniec [2], which helps to streamline our arguments. For our 
result, we may also use the sequence a 2 + b 2 where b has no small prime factors below 
(logx)" 4 , but using the result of Fouvry and Iwaniec is convenient and elegant. We now 
move to more precise definitions. 

Since the number of n = a 2 + p 4 < x with p < x 1//4 / log 2 x is bounded by 

T v t 3/4 

1 < 


log 


X 


we may assume that p > x 1 ^ / log 2 x. Let x 1 ^ 2 / log 4 x < X < x 1//2 and q = (logx) 4 , and 
fix an interval / = (X,X(1 + r/)]. In our treatment of the bilinear sum, we need the two 
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sequences to behave alike even when restricted to small sets, so that it becomes necessary 
to introduce proper weights. Define the sequences A = {a(n)} and B = {b(n)} by 


( 2 ) 


{ En=a 2 + P 4 2plogp ifn<x 
P 2 e/ 

(a,p)=l 

0 otherwise, 


and 


b{ri) 


J^n=a 2 +p 2 loSP 

pel 

(a,p)=l 


if n < x 


otherwise. 


Note that for any fixed natural number d and any real A > 0, we have 

^a(n) = ^b(n) + O dA (x(loga;)" A ) . 

d\n d\n 

It is this property and the choice of weights which makes the sequence B suitable for our 
method. 

Further, define 


7r (-4) = ^a(p), 

p 

and 

*■(£) = '^2 b (p)- 

p 

We claim that it suffices to show 
Proposition 1. With notation as above, 

~ T(e) « 

where 

fjb(I) = J Vx — t 2 dt. 

Note that //(/) < rjX^fx < px for all values of A", and /i(/) r\X^[x for X < y/x/2 
and n(I) rf ! 2 x for y/x/2 < X < yjx. 

We verify that our main Theorem follows from Proposition |Tj in the next section. Most 
of this paper will be devoted to proving the Proposition. 

We conclude this introduction by recording one convention of notation. We shall use 
the familiar convention that the positive number e may vary between occurrences. This 
allows us to write x e \ogx -C x e , for example. 

Acknowledgement. This work was supported by EPSRC grant EP/K021132X/1. We 
also thank Pierre Le Boudec for a careful reading of an earlier version of this paper. This 
resulted in the detection of a significant oversight, which has now been corrected. 
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2. Setting up the sieve 


Let us first verify that Theorem 1 follows from Proposition CD Note that the condition 
(a,p) = 1 in the definition of b(n) may be removed since 


log p 1<C 


x 


1/2+e 


pG/ 


a< yj x —p- 
p\a 


Then, by the work of Fouvry and Iwaniec [2] and summation by parts, we have that 


<B) = 


vp(I) 

logx 


1 + 0 


log 1 e x 


for v as given in Theorem [0 Thus Proposition |Tj gives us that 


7l(+l) = 


vy(I) 

logic 


1 + 0 


log 1 £ x 


Our main result then follows by partial summation, possible since the length of I is short. 
To be precise, let Ij = 1 + rj)] be disjoint intervals for 1 < j < m such that 

U jlj = (y,x 1/2 ], 


n l/2 


where Y ;+> Further, let Aj be defined as in (J2J) with / = Ij. Recall that r) = 

and note that the number of elements a 2 + p 4 < x where p\a with p 2 G / is bounded by 


E yx 

~ ^ x 


1/2+e 


P 


p 2 £l 


Hence, 


#{a 2 + p 4 < x : a 2 + p 4 is prime and a > 0} 


E 


f logy 


AA) (i + o 


logx 


+ 0(x 1/2+e ) 


21/ + 0 


log 1 *~x 


log^ X 


E + °+ /2+< ) 

i V A i 


2 z/ + 0 


log 1 *~x 


log 2 x 


IY 


V* ,_ r U 

V x — t 2 —-= + 0(A 2+e ) 

Vt 


4^ x 3 / 4 

log 2 x 


Vl — t 4 dt ( 1 + O 


log 1 6 x 


Thus Theorem |T] follows from Proposition [0 

We now fix some basic notation. For C = {c(n)} any sequence supported on (yfx,x], 
let 

tt(C) = J^c(p), 

p<x 

Cd = { c(dn ) : n G N}, 
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and 


fiC d = JZ c ( n )’ 

d\n 


Rd(C) = \#C d — M d (C)\, 

for some M d (C ) depending on d and C. Note that the use of jfC d here denotes the sum 
of the elements in C d rather than the number of elements in C d . 

We shall prove Proposition Q] by applying the same sieving procedure to both se¬ 
quences A and B. As mentioned in the Introduction, this requires a level of distribution 
result and an understanding of certain bilinear forms. We refer the reader to Fricdlander 
and Iwaniec’s asymptotic sieve for primes [6], Harman’s alternative sieve [7] and Heath- 
Brown’s proof of primes of the form a: 3 + 2 y 3 [Sj for several perspectives on this. Here, 
we develop what we need from scratch along the lines of [8]. For our application, this 
eases some technical details involving the bilinear sum. We begin by stating a level of 
distribution result for A and B. 

Proposition 2. Let 


9(d) 


P(d ) 

d 


where p(d) denotes the number of solutions to 


a 2 + 1 = 0 (mod d). 


Now define 


M d (C) — g(d)fj,(I). 


Then for any constants A > 0 and k > 0, there exists a constant B = B(A, k ) such that 
for D = , we have 


Y j r k (d)R d {C)C 

d<D 


X 

(logo;)" 4 ’ 


for both C = A and C = B. 

For C = H, the Proposition holds in the larger range D < , but we do not 

require this. Proposition [2] is a direct consequence of a result of Friedlander and Iwaniec 
[5] to allow for the weights we need and to include the r(d) k factor. The derivation of 
Proposition [2] is given in Section |3j 

Fix for the rest of the paper 6 = (logo;)^ 1 for some small constant za > 0 {w must be 
smaller than the e appearing in the statement of Theorem [l]), and Y = a; 1//3+ V 48 . j n f ac t 5 
the A i n the previous definition can be replaced with any positive number less than A. 
The following Lemma begins our sieving procedure. 

Lemma 1. For any x s < Y < x 1 / 2_<5 and C = A and C = B, we have that 
AC) = S d C) - S 2 (C) - S 3 (C) + O , 
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where 


S 1 (C) = S(C,x i ) 

S 2 (C)= Y s (4.p) 

x 5 <p<Y 

S 3 (C) = Y. s (4.?)- 

Y<p<x x / 2 ~ 6 

Proof. By Buchstab’s identity, we have 

vr(C) = S(C,y/ 2 ) = 5i(C) - 52(C) - 5 3 (C) - ^ 5(C p ,p). 

x l/2—5<p<£ x l/2 

Using Selberg’s upper bound sieve, we have that 

E s(c r , P )< y s(c p , x i/i0 ) 

x l/2—5<.p<. x l/2 x l/2—5<£p<Y' X l/2 

« E £+ E E r 3 (d)R Jr (C) 

x l/2—5 <p< x l/2 x l/2—6<p< x l/2 ^<# 1/5 

a 

log x l 0 g A x ’ 

for any A > 0 by Proposition [2j □ 

While Si (C) may be handled via the Fundamental Lemma, and 63 (C) can be readily 
written in terms of a bilinear form in the right range, 62 (C) requires more attention. 


Lemma 2. With notation as in Lemma\T\ and n 0 = 

(3) 


logy 

<51ogrr 


, we have 


where 


and 


S 2 (C)= Y (-l) n_ 1 (T (n) (C) -U (n) (C)), 

l<n<no 

T<”>(C)= E 

X S <p n <...<Pl<Y 

p\...p n <Y 


U^(C)= Y S(C m ,„ rnW p n+l ). 

X s <Pn + l< — <Pl<Y 
Pl—Pn<Y<p 1 ...p n+1 


Proof. Let 

v {n \c) = y »)■ 

X S <Pn<--.<Pl<Y 
Pi ■ “Pn<Y 

The proof of (J3|) follows immediately upon observing that 62 (C) = V^S{C) and from the 
identity 

U (n) (C) = T (n) (C) - U {n \C) - U (n+ 1 ) (C). 


□ 


By Lemmas Q] and [2j in order to prove Proposition [U it suffices to prove the following 
two propositions. 
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Proposition 3. Let Q be a set of squarefree numbers not exceeding Y. Then for any 
A > 0, 

x 


\Y,S(A„X S )-'jTS(B„x s ) 

q&Q q&Q 

Note that Proposition [3] immediately implies that 


log^x 


x 


\sm) - s±m ^ A . 

log X 

Since no x 1/5 C logx, Proposition [3] also implies that 

\T( n \A) - T( n \B)\ 

l<n<no 


X 


log' 4 X 


The rest of the pieces from the decompositions in Lemmas |T] and [2] are handled below. 
Proposition 4. For any A > 0 and n> 3, 


\s 3 (a)~ s 3 m « 

\U (n \A)-U (n \B)\ < 


x 


log a; 
x 

log' 4 X 


, and 


For n <2, 


\U {n \A) - U {n \B)\ <S -- n(I). 

logo; 


Propositions [2] and [3] are proven in Sections [3] and [4] respectively. We reduce the proof 
of Proposition [4] to a related statement about bilinear sums in Section [5], which is in turn 
proven in a number of stages in Sections [6] to EH 


3. Level of distribution 

Here, we prove Proposition [21 Define the sequences A and B by 

E«=a2+ P 4 xMHo T g X if Vx<n<x 

= < P rt! 

0 


otherwise, 


and 


E.=.V cff if sfx < n < x 

Hn) = { % 

0 otherwise. 

Friedlander and Iwaniec’s main result in p)] gives that for 

plogp p — 1 


MM) = aid) Y, 


p 2 £l 


X 1 / 4 log X p 


V 


x — p 4 , 


M d (B) = g{d) V 

pGl 


log pp — 1 
logx p 
8 


\Jx-p 2 , 


and 













and any A > 0, there exists B = B(A ) such that 


and 


Y Rd{A) 

d<D 


X 3/4 

log A x 


X] R d (B) «A 

d<D 


X 

log A X ’ 


for D = This immediately implies the corresponding results for A and B. Specifi¬ 

cally, the following Lemma holds. 


Lemma 3. For any A > 0, there exists B = B(A) such that 

^ (log 

d<D y ' 

for both C = A and C = B, where D = Yb ■ 

J log X 

We want to prove a version of the above lemma which includes a r(d) k term. In order 
to develop this, we first state an elementary Lemma. 

Lemma 4. For any n,k > 1, there exists a divisor d\n such that d < n 1//2k and such that 

r{n)<2 2k - l r{df. 


Proof. Assume n > 1. We prove the result for k — 1, the rest following by induction on k. 
Let d\n with d < y/n be such that r(d) is maximal. Write n = dd', and note that d' > 1. 
By maximality, any prime divisor p\d' satisfies pd > \fn so that d!/p < \fn. Again, by 
maximality, r(<f /p) < r(d). Thus we have that r(n) < r(d)r(d'/p)r(p) < 2r(d) 2 . □ 


Now we prove the following trivial bound. 

Lemma 5. Recall that D = A’V . For C = A and C = B, we have 

log X 

Y T ( d ) k # C d < x(logic) 22 " +3 

d<D 


Proof. We prove the result for C = A, the proof for C = B being essentially the same. By 
Lemma [4] 


For d < y/x, 


£ T(d)'‘#A d < Y, r(n) M a(n) 

d<D n 

< Y r(d) 2k+2 #A d . 

d<y/x 


#A rf <J^plogp Y 1 

p 2 e/ a<yfx 

a 2 =—p 4 (mod d) 
(a,p)=l 

< g(d)V^YP^P 

p 2 &i 

<C g(d)x. 
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Using the bound g(d) < we have 

_ _ j\2fc+3 

Y r(,i) 2 ‘+ 2 #^ «x y ^— «i(io g -n 2 

d<y/x d<y/x 


□ 


Now, we are ready to prove our Proposition [21 By Cauchy-Schwarz, we have 

Y « (Y r(< 0 “iWC)) (Y 


d<D 


\d<D 


\d<D 




1/2 


1/2 


« + M d ( 0) £ JJj(C) 


\d<D 


\d<D 


<c (x(logx 


24fc+3 


1/2 


X 


(logx) y 


1/2 


by Lemmas [3] and 0 This concludes the proof since we may make A as large as we like 
by choosing B suitably large. 


4. Application of the Fundamental Lemma 


We now prove Proposition [3j Recall that we are interested in studying 

E s < c «-A 

q&Q 

for C = A or C = B, 5 = (logx)^' 1 , and Q a set of square-free numbers not exceeding 
Y. The level of distribution provided by Proposition [2] is sufficient to derive the correct 
asymptotic for this quantity, with a small error term. To be precise, we apply an upper 
and lower bound sieve of level of distribution x 4 so that the sifting variable s — For 
z > 1, we use the usual notation 

vw=n(i-«o»)- 

p<z 

By the Fundamental Lemma (see e.g. Corollary 6.10 in [4]) and Proposition [21 we have 


J]S(C„l i ) = V 2 (l i )^3(9)M/)(l + 0(exp(-(41)- 1 )))+0 W Y R *( C ) 


q£Q 


q£Q 


, q&Q d<x 1 / 4 


v(x‘)Ya(iV( I )[^ + 0 


q£Q 


v(x s )Ys(<iMi)[i + 0 

q£Q 


log X 

1 

log A x 


+ o[ 

d<x 3/4-l/8 


+ 0(x log A x) 


for any A > 0. Note that the last line is independent of whether C = A or C = B. Thus 


Ys(a„x s ) -Ys(b„x s ) « A-mY g(q) + x log 

q&Q q&Q X q&Q 


—A 


X 


X log 


-A+2 


X, 
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upon noting that g(q ) <C 


r(q) 


5. Reduction of Proposition |to a bilinear form bound 
We first rewrite U ^ and into a more convenient form. 

Lemma 6. For C = A and C = B, and f/b) as defined in Lemma dj 

(W)\ 


U W (C) = E S(C P1P2 , P2 ) + 'y ^ s(c plP2lP2 ) + o 

x s <p 2 <pi<Y 


(4) 

and 

R (2) (C) = 


x 5 <p 2 <pi<Y 
Y<p\P2<x 1/2 ~ 5 

= : U?\C) + l#\C) + 0 


\ logic ) 


P\P2> 


>X 1 / 2 + S 


logic 


m , 


E 


^(('p 1 p2 P3 j pfi) T E s < c . 


P1P2P3 


X° <p3<...<pi<Y 
PlP2<Y<piP2P3<X 1 / 2 ~ S 

(5) =:(/< 2) (C) + t/ 2 (2) (C) + o(^hj 

Proof. To prove (JH), it suffices to show that 


x s <p3<...<pi<Y 

PiP2<Y<pip2P3 

PlP2P3>X 1 / 2+S 


V log i y 


( 6 ) 


E 


S{Cp 1 p 2)P 2) ^ 


X°<P2 <pi <Y 


<W) 

logic 


X 1 l 2 - S <p 1 p2<X 1 l 2 + & 

In the sum above, P2 > ic 1//2 ~ <5 /pi > fY > x 1 / 10 , so that by Selberg’s upper bound 

sieve, and Proposition [2j the left hand side of ([6]) is bounded by 

til) ^ 1 


E 


S(Cp iP2 ,x 1/10 ) < 


E 


x 6 <p 2 <pi<Y 

X 1 / 2 — S <PiP2<X 1 / 2 + 5 


lo S x 1/10 ^ v V 1 V 2 

x i/io<p2 <p x <y 
X 1 / 2 - 8 <p 1 p2<X 1 / 2+S 




5 


logx 


P (I). 


Similarly, to prove ([5]), it suffices to show that 


(7) 


E 


S(fi-' pi p2p3 )P f) 


X 6 <P3 <P2 <pi<Y 
P1P2<Y 

X 1 /2- S <p iP 2P3<x 1 / 2+S 


logx 


/i(J). 


In the sum above, p 3 > x 1 / 2 5 /Y > x 1 / 10 , so by Selberg’s upper bound sieve, and 
Proposition [2j the quantity on the left hand side of (JZJ) is bounded by 

til) — 1 


E 


^( C P1P2P3^ 1/10 ) < 


E 


X 6 <P3 <P2 <pi <Y 
PiP2<Y 

X 1 / 2 - 5 <p 1 p2P3<X 1 / 2+S 


-c 


!°g t .... ^ v P 1 P 2 P 3 

2,1/1° <P3 <P2 <pi < y 

x l/2-5< pip2 p3<xl/ 2 +6 




logx 


□ 
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In order to simplify the conditions on the primes in our sieving functions the following 
lemma will be useful. 

Lemma 7. Let x~ s < n < 1. Then for any P\, P 2 G [x s , x 1 ^ 3 } we have 

Y Y Y <n)T{n) < K 2 x{\ogxf 7 + X 

Pi<P1<(1+k)Pi P 2 <P2<(1+k)P 2 n= 0 (modpip 2 ) 

for any A > 0. 

Proof. By Lemma H n has at least one divisor cl < n 1//16 such that r(n) -C r(d) 16 . Thus 
according to Proposition [2] we obtain 

Y Y Y c ( n ) T ( n ) 


Pi<P1<(1+k)Pi P 2 <p 2 <{l+n)P 2 n=0 (mod pip 2 ) 

^ Y Y Y r ( rf ) 16 I] c W 


Pi<P1<(1+k)Pi P2<P2<(1+k)P 2 d^Ca: 1 / 16 n=0 (mod dp\p 2 ) 

« E EE T (^) 16 (Vd P1P2 (C) + Rd P1P2 {C)) 

Pi<Pi<(1+k)Pi P2<P2<(1+k)P 2 d^a: 1 / 16 


< I] E E 

Pi<Pi<(1+k)Pi P2<P2<(1+P>P 2 d^a: 1 / 16 
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+ 


X 


dpip 2 (loga;) A 


To complete the proof we merely observe that if P = Pi or P 2 then 


E 


P<p<(l+re)P 


1 

- <C K. 
P 


□ 


For k > 3, in the sum in U( k \C), we have 

Y < pi...pk+i < (pi-.-Pk)^ < Y 4/3 < x 1/2 ~ s . 

Thus if we define 

UP(C) = Y. s ( 4 . ■■■Pk+ 1 > Pk+ i ), 

A <Pk+i<—<pi<Y 
p 1 ...p k <Y <pi-..pk+i<x 1/2 ~ 5 

then we will have 

S 3 (C) = Ui°\C), u[ 1 \c) = ui 1 \c), u[ 2 \c) = ui 2 \c), 

and 

U { - k \C) = U[ k \C) for k> 3. 

If p E J — [V, (1 + n)V) and an integer n is counted by S(C pq , V ) but not by S(C pq ,p), 
then n has at least two prime factors in J. In our application we have V < x l / 2 ~ 5 and 
n > x(loga:)^ 8 . Thus n will have at least one further prime factor. Thus V 3 < n < x in 
this situation. A given integer n may be counted in many ways by Ui k \C). However the 
number of ways is at most the number of choices for Pk+i < ... <p\ all dividing n. This 
will be 

( k +1) s 2 " (n) s T ( n) - 

The total contribution from such integers n is therefore bounded as in Lemma [71 Now, 
let 


J(r) = [V r: V r+1 ) = [x d (l + n) r ,x\l + «) r+1 ), (r > 0) 
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and let R -C n 1 logx be such that x 5 (l + k) r > x. We then see that 
C< l| (C)= EE E S(C n .. np ,V r ) 

0 <r<Rp£j(r) p<pk<...<pi<Y 

p 1 ...p k <Y<p 1 ...p k p<x 1 /' 2 - s 

+ 0(kx( loga;) 1+217 ) + O (n ' 1 -—) . 

V log xj 

This procedure enables us to reduce considerations to a bilinear sum. Indeed we have 

(8) V V S(C pl .. ptp ,V r ) = Y a ™A > <™n) 

p&J(r) p<p k <...<pi<Y m,n 

p\...p k <Y<pi...p k p<x 1/2 ~ 5 

where aV is the characteristic function for the integers m all of whose prime factors are 
( r ) 

at least V r , and /% is the characteristic function for integers n = p\.. .pkP with 

p £ J(r), p < Pk <■■■< Pi < Y and p±... pk < Y < p±... PkP < x 1 ^ 2 ^ 5 . 

Note that ^ is supported on integers n £ [Y, x 1 ^ 2 ^ 5 ). 

The procedure for U^p{C) and U 2 2 \C) will be somewhat different. As before we may 
use Lemma [Tj to replace S(C piP2 ,p 2 ) in U^\C) by S(C piP2 ,V r ), when p 2 £ J(r). For 
example, this yields 

L 1) (C)= W w Yi S(C nP2 ,V r ) + 0( K x(\o S x) 1+2 ”) + 0 

0<r<R p 2 &J(r) p^>x^/ 2JrS /p 2 
P2<P1<Y 

The sum on the right can be expressed as 

^ a S?0n )c ( mr O> 

0<r<R m,n 
(r) 

where we now take am as the characteristic function for numbers m = pip 2 with p 2 £ 
J(r), p 2 < Pi < Y, and p\p 2 > ad/ 2+(S , and $f} as the characteristic function for numbers 
n all of whose prime factors are at least V r . Since c(n) is supported in 

(X 2 ,x] C (x(logx) -8 , x] 

we may assume that /% is supported in 

(x(log x)- a Y- 2 ,x^ 2 - s ] C (iW,! 1 / 2 - 4 ] 

say. This is satisfactory for our purposes. 

We may handle U 2 2 \C) in a precisely analogous fashion. On choosing k = (\ogx)~ A ^ 2 
we find that each of S 3 (C), u[ 1] (C), U { 2 \C), U {2) {C), U {2) (C) and U^(C) (for k > 3), 
can be expressed as a sum of O(R) bilinear sums as in (J8j), together with an error term 
0(x( logx) 1+2 ‘~ A / 2 ). Thus it will suffice to prove the following result. 


K 


-l 


x 


log 


A -1 


X 


Proposition 5. Fix any f > 0 and suppose x 1 / 4 " 1 ^ < N < x 1//2 5 . Then, for coefficients 
a m and /3 n as above, we have 


E Z°J> n {a{mn ) — b(mn )) 

N<n<2N m<x/N 


X 

i A ^ 

log X 


for any A > 0. 
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We note for future reference that a m and f3 n are supported on integers all of whose 
prime factors are at least x s . In particular they vanish unless m and n are odd. We also 
note that |a m |, \fd n \ < 1 for all m, n. 


6 . The bilinear form over Gaussian integers 


Our purpose is to prove Proposition [5j The expression a 2 + p A is a special value of the 
norm form of the Gaussian integers, and we now take advantage of that structure. 

For w,z G Z[i\, let N(w) denote the usual Gaussian norm and 


and 


£ 1 ( 2 , 11 ;)= Y 2 P l ogp, 

P 2 £l 

Re wz=p 2 


S 2 (z,w)= Y lo SP- 

pGl 

Re wz=p 


Note that both sums are either empty or contain only one term. We would now like to 
convert the sum over m and n present in Proposition [5] to a sum over Gaussian integers. 
We shall call 7 G Z[i] primitive if 7 is not divisible by any rational prime. 


Lemma 8. Let 7 G Z[i] be primitive and coprime to 2, and let m be a positive integer 
such that m|IV( 7 ). Then there exist exactly four associate choices for A G Z[i) such that 
A |7 and N( A) = m. Of these exactly one has Re(A) positive and odd. 


Proof. Suppose the ideal ( 7 ) factors as 

(7 ) = P{O..PlK 

Since 7 is primitive and coprime to 2, we have Pi 7 ^ Pj for every pair i,j. Moreover iV(Pj) 
will be a rational prime p^, and we will have 

m = pf 1 ... pjf, 

with exponents fi < e*. It is then clear that (A) must be 

(A ) = 

and the result follows. □ 


By Lemma El 

a ( mn ) = \ Y S ^( z ’ w )’ 

N(w)=m N(z)=n 

wz primitive 

and 

K mn ) = \ Y S z( z i w )i 

N(w)=m N(z)=n 

wz primitive 


where we restrict 2 to have Re( 2 ) positive and odd in both sums. Note that the double 
sum counts pairs with wz = p 2 +ia (or p + ia) with no restriction on the sign of a. In our 
original definition of a{n ) and b(n), we have the condition a > 0 , and this is accounted 
for by the factor of A. 
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We let f3 z = Pn{z) and ol w = a^ w y It now suffices to show that 

(9) 52 52 /3 z a w (S 1 ( z ,w)-S 2 (z,w))<^ A % A , 

“V log x 

wz primitive 

for any A > 0, and for coefficients (3 Z and a w satisfying \j3 z \ < 1 and \a w \ < 1. Further, 
we may assume that f3 z is supported on primitive z satisfying 2 \ Re(z) > 0 and N < 
N(z ) < 2 N, while a w is supported on primitive w such that N(w) < M := x/N. Note 
that N < M since N < x 1 / 2 ~ (S . We also remark that (3 Z is supported on values with N(z) 
free of small prime factors. Hence N(z) is odd, and since Re(s) is also odd we must have 
z = 1 (mod 2). 

We first remove the primitivity condition on wz with negligible error. Indeed, the 
contribution of Si(z,w) for imprimitive wz of the form 

wz = p 2 + ia 


must have p\a so that 

wz = p 2 + ibp , 

for p 2 G I, whence b < < x 1 / 4 log 2 x. Hence, there are at most x 1//4+e choices for 

b, and thus at most x l ^ +e choices for w and 2 , given p. These are counted with weight 
2plogp x 1/4+e . Thus, the total contribution is bounded by 

x 


E 

P< x 1 / 4 


x 1/2+e <C x 3/4+e -C 


log" 


X 


The contribution from S^z^w) for imprimitive wz is bounded similarly. 

Let 9(z ) = arg 2 G [0, 27t) and 

n = K(A) = {ze Z\i] : N < N(z) < 2 N, \9(z ) - fc7r/2| < (logx)" A for k G Z}. 
We now note that we may discard the part of the sum (JUJ) with 2 G 72- 


Lemma 9. Suppose that both z and q are fixed. Then the number of possible w with 
q = Re wz is 

s/M 

<C 

Proof. Let 

z = s + it 
w = u + iv , 

so that 



(10) q := Re wz = us + vt 

We have either |s| -/N or |t| x/iV. We deal with the case |s| s/N, the other case 

being similar. Since 2 is primitive, (s, t) — 1 so we may write 


v = tq (mod s ). 


Thus, there are 

m- 



choices for v. 


Once v is fixed, u is uniquely determined by 

□ 
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Lemma 10. 


EE / 3 z a w Sj(z,w) -C x(logx) 


—A 


26 7? w 


for j = 1,2. 

Proof. We apply Lemma [T7| to get 


^2^2Pza w Si{z,w) < ^ 1 


2 67?. UJ 


267?. p 2 6/ 

2 primitive 




Re wz=p 2 





IV 

M 

~N' 


p 2 6 / 


267? 


< V -w jV(logx ) 

P 2 ei 

<C x(logx) _j4 . 

In the case of ^(z, u?), the sum is simpler and we get 

EE / 3 z a w S 2 (z,w ) <C E^E 1 

267? w pel 267? 

•C x(logx) _j4 . 


□ 


E b 

denote a sum over primitive z ^1Z ior which Re(z) is positive 
and z = 1 (mod 2). Then Cauchy-Schwarz gives that 

PxiSifaw) - S' 2 ( 2 ,u;)) N ) < ^E Pz(Si{z,w) - 5 2 (^,w)) N j , 

where we now extend the sum over w over all Gaussian integers w satisfying N(w ) < x/N, 
possible by positivity. We then see that it suffices to show that 

_ h _ 6Y> AT 

(11) ^2 Pz 1 /3z 2 QSi(zi,w) - S 2 {z 1 ,w)) (gi(z 2 ,w) - S 2 {z 2 ,w)) -C 


Zl,Z 2 


log A x 


for any A > 0. 

Lemma 11. The contribution of the diagonal term z\ = z 2 in is at most 
y: 01 (Si(z, w ) 2 - 2S'i(^, w)5 2 (2;, iu) + S 2 (z, w ) 2 ) < x 1_5/2 iV. 

Z W 

Proof. Since it is impossible for Re wz to be both a prime and the square of a prime, 
S\(z, w)S 2 (z, w) = 0. Let us record the trivial bounds 


/ 


( 12 ) 


EE 5 ^™) ^E 


\ 


22 2 P l °zp 


n<x a 2 +p 4 =n 

\ P 2 ei 


r(n) x 


l+e 


7 


16 





and similarly 
(13) 


^2ZS 2 (z,to) « i 1+I . 

2 : w 

Now 

^2^2Si(z,w) 2 + S 2 (z,w) 2 < Vx\ogX^2^2Si(z,w) +\ogX EE *<*■«» 

z w z w z w 

<C z 5/4+e , 

by (fl2|i and ffl3]) . Since IV > a; 1//4 +£ this suffices on choosing e sufficiently small. □ 

Thus, in considering (ITT]) . we will assume that z\ 7 ^ Zi- For any pair Z\,Z 2 , we let 
9 = 9(z\,Z2) = argz 2 — argzi denote the angle between z\ and 2 2 . Moreover, we define 
A = A(zi,z 2 ) = Im Z 1 Z 2 = \ziZ 2 \sin 9(z\, Z 2 ). Note that z\ and Z 2 being primitive and 
Z\ 7 ^ z 2 implies that 6^0. Further, Re > 0 implies that 9 7 ^ n. Hence A ^ 0. Since 
Zi = Z 2 = 1 (mod 2) we will have 2 | A. 


Remark 3. For ease of notation, we restrict our attention to those z 1 , z 2 satisfying A > 0, 


and henceforth assume this condition to be included in 



If we write 


Re wzi = qi 


for i — 1 , 2 , then 

(14) w = -iA(zi, z 2 )~ 1 (qiZ 2 - q 2 zi). 

Of course, we must have 


(15) qiz 2 = q 2 ?i (mod A). 

Let C(qi, q 2 , z\, Z 2 ) be the statement that gi,g 2 ,^i and Z 2 satisfy fflhlh From (TT4l) and 
since N(w) < x/N, we have the additional condition 


(16) 


|(?iz 2 - 52Z1I < A(zi,z 2 ) 



We also wish to dispose of the case in which A is small. In particular, we wish to only 


consider those Z\,z 2 

such that 



(17) 

A(zi, Z 2 ) > 2 ?o 

N( logic) A 6 . 

For brevity, let 

/(e) = | 

2 p log p 

0 

if q = p 2 E I 
otherwise, 

and 

9(q) = 

flogp 

1° 

if q — p 6 / 
otherwise. 


%) = f(q)-9(q)- 
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Set 


For any J C /, we have by the Prime Number Theorem that 


E %) = 0 

q£j 



1 


for any C > 0. This is a result of our choice of weights. 

The conditions (fT6|) and (fT71) are quite awkward, so we shall remove them by dissecting 
our sum in (ITT]) into smaller pieces. To be precise, for some constant L to be determined, 
let 


Ui x u 2 x u := (log a;) L , 

and let / = (X,X(1 + rj)\ be a disjoint union of intervals J of length x Xuj\. We need 
l/o;i such intervals to cover I. Further, split the sum over Z\ and Z 2 into regions W, 
where each U is of the form 


U(c, do) —U := {z : cVN < \z\ < c( 1 + Ui)y/N, 9 0 < arg(^) < 9 0 + u 2 }, 

for fixed 1 < c < \/2 and 9q. Note that we may chose and u 2 so that our regions 
U form a partition of the region {z : N < N(z) < 2N, Re(z) > 0} — 1Z. The number 
of regions needed for the sum over z\ and z 2 is 0(log 4i a;). Here, we have allowed to 
possibly be distinct from u 2 in order to cover our region perfectly. They are the same 
size and can frequently be replaced by c 0 in our estimates. 

Now, write £i(Ui,U 2 , J\, J 2 ) as the condition that all (zi, z 2 , qi, q 2 ) G U\ x U 2 x J\ x J 2 
satisfy f|T6|) and (TTTjl . Also, let £ 2 (Ui,U 2 , J\, J 2 ) be the condition that there exists some 
(zi, z 2 , qi, q 2 ) in U\ x U 2 x J\ x J- 2 which satishes (HFll . and there exists some (z[, z' 2 , q[, q' 2 ) 
in li\ x U 2 x Ji x J 2 which does not satisfy (ITU . Finally, let <L S (U\,U 2 , J\, J 2 ) be the 
condition that all (z\, z 2 , qi, q 2 ) in U\ x U 2 x Jj x J 2 satisfy fTTUl) but there exists some 
(z\, z 2 , qi, q 2 ) in U\ X U 2 x ,J\ X J 2 which does not satisfy inn. 

For U\,U 2 , J±, J 2 satisfying <ti(U\,U 2 , Ji, J 2 ), set 


T{JA\)U 2 ., J\i J 2 ) — Y M9OM92), 

giGJi 

Z2&U2 (J26J2 

C(qi,q2,zi,Z2) 


and otherwise set T{U\,U 2 , Ji, J 2 ) = 0. 
Further, let 


T'(Ui,U 2 i Ji, J 2 ) — E ? 


E IM 9 i)M 92 )|- 


Z\€lA\ QiEJi 
z 2 

C(qi,q2,zi,Z2) 


Then (fill) reduces to proving that for any constant A > 0, 

(18) 

E e v . u 2 . .71, jj) 

Ui,U 2 ,Ji,J 2 Ui,U 2 ,Ji,J2 

<tl(Ul,U 2 ,Jl,J 2 ) £2{UlM2,Jl,J2) or C 3 (Mi,«2,Ji,J2) 


xN 

log A X 


Since L may be freely chosen, it suffices to prove the following Propositions. 


Proposition 6. With notation as above and for L > A + Q, we have 


Y T'{Ui,U 2 , Ji, J 2 ) « 

Ul,U 2 ,Jl,J2 

£ 2 (UuU 2 ,Jl,J 2 ) or U{UlU2,Jl,J2) 


xN 

log A a: 
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Proposition 7. With notation as above and for fixed J\, J 2 and for L = 6 A + 52 we have 
that 


nr* jy 

E nu u u 2 ,j 1 ,j 2 )«—^- x 

U\ ,W 2 6 

<£i(Wi,M 2 ,Ji,J 2 ) 

Note that follows from the Propositions above. 

Remark 4. When £i(Ui,U 2l Ji, J 2 ) holds and Zi G 7/*, we automatically have Re(^) > 0, 
Zi $l 7Z and A (^ l5 z 2 ) > 0 . 

7. Proof of Propositions EH and [3 Preliminary Steps 

We first note that we may essentially assume that q\q 2 is coprime with A in the sums 
defining T(U 1: U 2 , J\ , J 2 ) and T'(Ui,U 2 , Ji, J 2 ). 

Lemma 12. We /lave t/iaf 

E" E |/z(gi)/i(g 2 )| < N 2 \/x log 3 x. 

21,22 gieJi ,ij 2 GJ 2 
G(gi , 92 , 21 ,^ 2 ) 

(<J1<J 2 ,A)>1 

Proof. Note the number of 21 , z 2 appearing in the sum is 0(N 2 ), and that h(qi)h(q 2 ) <C 
V / xlog 2 x. Hence, it suffices to show that for fixed Zi and z 2l the number of choices for 
qi and q 2 is bounded by O (logic). 

Suppose (qi, A) > 1 . We have that either qi = p or qi = p 2 for some prime p, so p\ A. 
The congruence 

q±z 2 = q 2 Zi (mod A) 

implies that p|g 2 as well, since z\ is primitive. Thus q 2 = p or q 2 = p 2 as well. Since the 
number of prime factors of A is O (logic), we have that the number of choices for p is 
O (logic), which suffices. □ 

If ( qi , A) = 1 , (1T5|) is equivalent to there existing a (mod A) with (a, A) = 1 such that 

q 1 = aq 2 (mod A) 
az 2 = z 1 (mod A). 

Then, by Lemma IT?! we may rewrite T{Ui,U 2l J±, J 2 ) as 

(19) T(Ui,U 2 , Ji, J 2 ) = E E’ Y(a, D- h, h)Z(a, D ) + 0(A 2 ^log 3 x) 

D<2N a (mod D) 

where 

Z(a,D)= Y! 

(zi,Z2)£Ul XU 2 
A=D 

az 2 =z± (mod D ) 

and 

Y(a , L>; h 1: h 2 ) = Y(a , D) = Y ^ 1 ( 91 )^ 2 ( 92 )- 

qiG Ji,(? 2 S J 2 
qi=aq 2 (mod D ) 

(<7192,D)=1 

The rewriting of T(U\,U 2l J\, J 2 ) in (TT9|) separates the sum Z(a,D ) containing the 
coefficients (3 Z from the congruence sum Y(a, D) involving the primes. This key procedure 
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has transformed the sum into the right form for us to extract the main terms from 
T(Ui,U 2 , J\i J 2 ) using Corollary [21 Of course, we also need some understanding of the 
behaviour of Z(a, D) for which the following bounds will suffice for the moment. 

Lemma 13. Let 

Z(a,D)= Y! L 

(z 1 ,Z2)£L/l XU2 
A =D 

az 2 =z\ (mod D) 

We have 

( 20 ) E^ D ) E’ Z(a,D) <cd 4 iV 2 (logx) 16 , 

D a (mod D) 


( 21 ) 

and 

( 22 ) 


E E* Z(a,D)<s:N, 

Ui,U 2 a (mod D) 

__ ]\t2 

Y Z(a, Df < (log xf—r{Df. 

a (mod D ) 


Proof. We write Zk = Xk + iyk for k — 1,2, and assume without loss of generality that 
|x 2 | is maximal among |xi|, |x 2 |, |l/i| and \y 2 \. For (|2U|) we apply Lemma 0] with k = 2 to 
deduce that 

E t < D ) E’ Z(a,D) 

D a (mod D) 

•c Y r ( rf ) 4 #{(^iW 2 ) e Ui x U 2 : (xi,?/i) = 1, d I Xi ?/2 -x 2 yi}. 

d<(2AT) 1 / 4 


Since the regions U are contained in squares of side 0(u\/N), and iV 1 / 4 coVN we 
deduce that 


E r ( B ) E* z(«,d) 

-D a (mod D ) 





r(d) 4 


u; 4 iV 2 

“d 4 ” 


#{(u,^ 2 ) (mod d) : (x^y^d) 


1, d | x x y 2 - x 2 2/i}. 


d<(2Ar)V4 

One can easily show that if d is a prime power p e , then 

#{( 21 , z 2 ) (mod d) : (xi, y h d) = 1, d \ x\y 2 - x 2 yi} < d 3 , 


whence the same bound holds for all d, and we obtain 

Y t ( D ) Y* Z(a,D) ^cv 4 N 2 Y <w 4 iV 2 (logx) 16 

D a (mod D) d<(2N) 1 / 4 

as required. 

For (T2T1) we note that the condition A — D implies x\y 2 — x 2 y\ = D , and since 
(^ 2 , 2 / 2 ) = 1 we have X\ = y 2 D (mod \x 2 \). However we arranged that |xi| < |x 2 |, so 
that there are at most 2 possibilities for x\ once x 2 and y 2 are given. Since xi,x 2 and y 2 
determine y 1 via the equation x\y 2 — x 2 y\ = D, the required bound 0(N ) follows. 

Finally, to prove (122|) we decompose Z{a,D) into 4 parts according to which of |xi|, 
|x 2 |, I 2 / 1 1 and \y 2 \ is maximal. Using Cauchy’s inequality it then suffices to handle the 
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analogue of Z(a,D) in which |x 2 |, say, is largest. If (xi,x 2 , D) = k, say, we see that the 
congruence X\y 2 = D (mod \x 2 \) determines at most 2k values of y 2 with \y 2 \ < \x 2 \. 
Now, note that if we have two solutions x± = ax 2 (mod D) and x\ = ax' 2 (mod D), then 
x\x 2 = x 2 x[ (mod D). Thus, we have 

^2 Z(a, D) 2 <C {x 1 ,x 2 ,D)(x[,x' 2l D). 

a (mod D) xi,X 2 ,x' 1 ,x' 2 

xix , 2 =X 2 X , 1 (mod D) 


However (xi, x 2 , D)(x[, x 2 , D) divides (x\x' 2 , x 2 x[, D 2 ). Thus, 

£' z(“,or-« £ r(m)r(n)(m, n, D 2 ) 

a (mod D ) m,n<2N 

m=n (mod D) 

(r(m) 2 (m,D 2 ) +T(n) 2 (n,D 2 )) 

m,n<2N 
m=n (mod D) 

< Jj J2 T(m) 2 {m,D 2 ). 

m<2N 


Finally 


J2 r{m) 


(m 


D ) < 


m<2N 


E d £ 

d\D 2 


r{my 


m<2N 

d\m 


< 


E d £ r(vfr(df 

d\D 2 v<2N/d 


< ^ lo S 3 N}r(d) 2 

d\D 2 

« Nt(D 2 ) 3 log 3 N 

< Nt(D ) 6 log 3 N 


which suffices to prove (l22lh 


□ 


Remark 5. Trivially \ Z(a, D)\ < Z(a, D ) so that LemmaU, 1 applies with Z(a, D ) replaced 
by Z(a, D). 


Now for an interval J and any function h, let 


Y(J, h\ D) = %) 

q£j 

(q,D)=l 


and 


Y hlM (D) = Y(D ) = -l-Y(J 1 ,h l -,D)Y(J 2 ,h 2 ;D). 


Recall that q\ and q 2 appearing in Y(a, D ) satisfy (q±q 2 , D ) = 1. If h\ or h 2 is g , then 
Y(D) is the expected value of Y (a, D). 
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If hi — h 2 — f, note that pi = ap\ (mod D) implies that pi = bp 2 (mod D ) for some b 
such that a = b 2 (mod D). Here, Y(a, D) = 0 if a is not a square modulo D so 


E* Y(a,D)Z(a,D)= Yf(b, D)Z(b 2 , D), 

a (mod D ) b (mod D ) 


where 


Y,(h,D)= Y. M)M )■ 

pfeJi 

p|eJ2 

pi=bp 2 (mod D ) 

(piP2,D)=l 


When hi = h 2 — f,Y(D) is the expected value of Yf(b, D ). 

The following proposition makes the above discussion precise. 

Proposition 8. If either hi = g or h 2 = g, let 

£(N) = E E* \Y(a,D;hi,h 2 )-Y hlM (D)\Z(a,D). 

D<2N a (mod D) 


Then for any constant C > 0, 
(23) 

For hi = h 2 = f, let 


S{N) 


xN 

log G ;r 


£/(jv)= y E' \ Y i^ D )- Y umz(b\D). 

D<2N b (mod D) 


Then for any constant C > 0, 


T /V 

«C r-c~- 
log X 


Proof. We first prove the bound (123(1 for S. We prove the result for h \ = g and h 2 = f. 
The proof is similar for the cases hi = g and h 2 — f and hi = h 2 = g. We write 


fw < E E /(®) E* 

a (mod D) 


D<2N q2^^2 
(q 2 ,D)=l 


E 9{qi 


Y{Ji,g\D) 


qi^Ji 

qi=aq 2 (mod D) 


0(D) 


Z(a,D). 


By Cauchy-Schwarz and Lemma 1131 we have that S(N) < £^ 2 £^ 2 , where 


£i = E n-hj-.D) y' Z(a, D) 2 

D<2N a (mod D) 

N 2 

« E r(J 2 ,/;C)(loga:) 3 —t(D) 6 , 


D<2N 
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and 


2 


£2 - X X X 

D<2N 92 GJ 2 a (mod D) 

(<72, j D)=1 


X 2(0l) “ 


Y(Ju9',D) 


\ 


91 GJ 1 
\qi=aq 2 (mod D) 


0(D) 


= X X /(«o X 

D<2N q 2 ^J 2 b (mod 

{q2,D)=l 

We have Y(J 2 , /, D) « I « x 1 / 2 and 


X 9{qi 


qitJi 
\qi=b (mod D) 


Y(Ji, g; D) 

0(D) 




X D _1 r(D) 6 « (logx) 64 , 

D<2N 


whence E\ <C N 2 xY 2 (\ogx) 67 . Moreover the bound Y(J 2 , /, D) <C X <C x 1 / 2 shows that 

2 


/ 


^«* 1/2 £ £* 
D<2N b (mod D) 


XI 0(0l) 


4l£Jl 
ygi=6 (mod Z)) 


Y(J u g-,D) 

0(D) 




whence it suffices to show that 

/ 


£ £* 

D<2N b (mod D) 


X 0(01 


9l^l 
ygi=6 (mod D) 


Y(Jug-D) 

0(D) 




<c 




X 


C ’ 


log X 


for any D > 0. This follows by the Barban-Davenport-Halberstam theorem (see, e.g. 
Theorem 9.14 in [3]), and noting that \fx > X > y / x/log 4 x while N < x 1 / 2 s . 

It is necessary to use Corollary [2] in the bound for Ef. Here, Cauchy-Schwarz on Ef 
produces Ef < E\^ 2 E ^ 2 , where now 

£i=E E'2(* 2 . £>) 2 ; and = £ E’ ( Y AAD)-Y f _ f (D)) 2 . 

D<N b D<2N b (mod D ) 


For E\ we note that any residue class a coprime to D arises 0(r(D)) times as a square, 
whence 

£1 « £r(ZJ) E"z(«,.D) 2 

£><7V a 

^ 7\t2 

< X^)V log3x 

D<N 

< IV 2 log 131 X, 

by Le mm a fl3l Thus, it remains to show that E 2 x 2 (logx) -c7 for any constant C. But 
E 2 is simply 

2 


£ £• 

D<2N b (mod D) 


X Ci(m)c 2 (n) 

m,n 

m=bn (mod D) 

(mn,D )=1 


1 

W) 


Y(J 1 J-D)Y(J 2 J ] D) 


23 


















where 


and similarly 


Ci(m) = 


2plogp if m = p is prime and p 2 G J\, 
0 otherwise, 


c 2 (n) = 


2plogp if n = p is prime and p 2 G J 2 , 
0 otherwise. 


Since ci satisfies the Siegel-Walfisz condition, we now apply Corollary [2] to complete 
the proof. Note that 

||cir|| 2 -C x 3 / 4 log 2 x, 

for i — 1 or 2, and that Ci(n) is supported on n < x 1 ^ (so that the value of x appearing 
in the statement of Corollary [2] is x 1//4 in this application). 

□ 


8 . Proof of Proposition E] 


We begin by observing that Lemma d2] yields 

T'{U\,U 2 , Ji, J-i) E E' Y(a, D- h, f 2 )Z(a, D ) + fV 2 ^(logx) 3 

D<2N a (mod D) 

for some pair of functions /i, f 2 = /or g. We consider the case in which fi — f 2 — /, the 
others being similar, or easier. Since 

E E' Y(a,D'f, f)Z(a,D) = E E* Yf(b, D)Z(b 2 , D) 

D<2N a (mod D) D<2N b (mod D) 

it follows from Proposition [8] that 

(24) T\UM,J u .h)^y'Y !J (D) V* Z(b 2 ,D) + Zr^- 

This holds for any C > 0, and since there are 0((logx) 6i ) possible regions li\ x U 2 x 
J\ x J 2l we see that the final term contributes 0(xN (log x) 6L ~ c ) in Proposition O This 
is satisfactory on taking C > A + 6 L. 

To handle the main terms we note 

(25) Y(J h f) = \Ji\ + 0(y/x exp (-a/ logo:)) 


by the Prime Number Theorem. It follows that Y(Ji,f ) <C |,/| <C ojX, and hence that 
Yfj(D) <C u 2 X 2 /(ft(D). The main terms in (124|) are thus 


« it?x 2 y 


r(D) 


6(D) 

D< 2 N^ y ' a (mod D) 


E* Z(a,B), 


since any residue class a coprime to D arises 0(t(D )) times as a square. 
Hence, to establish Proposition [6] it will suffice to show that 

t(B) 


(26) 


E := u‘X‘ 


E 


E 


6(D) 

Ui,U 2 ,Ji,J2 D< 2 N^ y ' a (mod D) 

£ 2 (Wi,W2,Ji,J 2) or £ 3 (Wi,W2,Ji,J2) 


E Z(a,D) 




xN 

log A X 


24 







when L > A + 6. For this we use the following two lemmas. 


Lemma 14. For fixed U\.U 2 , D and J\, the number of choices for J 2 subject to the 
condition £ 2 (Ui,U 2 , J\, J 2 ) is <C 1. 


Proof. Let X, = inf./,, and fix G W*. Then <L 2 (lAi,li 2 , Ji, J 2 ) implies that there exists 
qi G Ji and G W* such that 


D 



> \qiz 2 ~ q 2 Zi 


\XiZ 2 - X 2 Z !I + 0{loXVn), 


and that there exists q[ G Ji and z' G such that 


Then 



< \Qi z 2 ^2 Z 1 


\X\Z 2 - X 2 Z !I + 0{ujXVn). 


\X 1 Z 2 -X 2 Z l \ 

and since iZd 3> \/X we have 


|Xo- 


X\Z 2 


off + O(ujXVn), 


j!]dF + 0 ( uW). 


Since the different values for X 2 increase in steps of length x uX it follows that Ui,U 2l D 
and Ji determine 0(1) choices for J 2 . □ 


Lemma 15. For fixed U.\,U. 2 , D and J\, the number of choices for J 2 subject to the 
condition £ 3 (Ui,U 2l Ji, J 2 ) is -C u; -1 (log:z;) _A ~ 2 . 


Proof. Let X t = inf J % , and fix Z % G U L . For all (zi, z 2 ) G U\ xW 2 , we have that A(^ 1; z 2 ) = 
A(Z 1; Z 2 ) + 0{uN). Then 


\X\Z 2 


X 2 Z x \ (So + coN) 



and since \Zf\^> \f~N and uN -C So for L > A + 6 this yields 

x >= x 4p°{w^)' 

This tells us that A" 2 is restricted to be in an interval of length ^{\ogx)~ A ~ Q . Since 
J 2 is of length uqX co^/x(\ogx )~ A , this gives 0(cu^ 1 (loga;)' A_2 ) choices for J 2 . □ 


By Lemma ITTl Lemma [13 and , 


£ < (w + (logx) A 2 )X 2 JJ7F ZT ^D) 


6(D) 

Ui,U 2 D<2N ' a (mod D) 


< (u + {logx)- A ~ 2 ) X 2 N 


D<2N 


r(D) 

WY 


where we have used Lemma [T3] for the last line. Hence if L > A + 6 we obtain 

„ / ._4_o\ n9 xN xN xN 

£ < {u + (logo;) A 2 ) A 2 X(log AF -C -—-1- :—— < 


A ’ 


log X log X log X 


as required. 
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9. Proof of Proposition H Further Manoeuvres 

Supposing that one of the functions hi and h 2 is g, we have according to Proposition 
0 that 

E E' Y(a, D; hi, h 2 )Z(a, D) = E E' Y hlM (D)Z(a,D) + O c 

D<2N a (mod D ) D<2N a (mod D ) 

for any C > 0. In the remaining case hi — h 2 — /, we have 

E E* Y(a.,D-f,f)Z(a,D)= E E’ Y,j(D)Z(b\D) + O c 

D<2N a (mod D) D<2N b (mod D) 

From (l^]i we see that we may replace Y hl ^ 2 {D) by \Ji\\J 2 \/(p(D) in each case, with a 
total error 


/ xN \ 

V log c x ) ' 



< xexp(—y/loga:) Y Y, 6Td) ( \Z(a,D)\+ Y \ z ( b ^ D )\ 

IA 1 JA 2 D<2N \^a (mod D) b (mod D) 

< xexp(-Vlogx) Y YJjl S Z ( a i D ) 

D<2N^ Ui,U 2 a (mod D) 

< xexp(- v /logx) Y jnj) N 

D<2N ^ ’ 

<C xexp(—A/loga^iV logx, 

by Lemma [T3j This is satisfactory for the proposition. 

It therefore remains to show that 


1 11 J2 1 

Ui,u2 

£i(Wi,W 2 ,Ji,J2) 

or indeed that 


*== E 

U X U 2 

£i(Wi,W 2 ,JiV2) 


E 

D 


MD) 


E' Z (?’ D ) 

b (mod D) 


E* Z (“T) 

a (mod D) 


<c 


N 


log^x 


E 

D<2N 


0(D) 


E* ztf’ 0 )- E* Z (“T) 

6 (mod D) a (mod D) 




xiV 


log 


A+2L x ’ 


Here we have dropped the condition D < 2N , which follows automatically since /3 Z is 
supported on iV(z) < 2iV. 

It turns out that it is easier to estimate the corresponding sum in which the factor 
1 /4>(D) is replaced by D/(p(D). To make this transition we will use summation by parts 
on D to see that 




\£o(to)\ 


D c 

U u U 2 1 


where t 0 = t 0 (Ui, U 2 ) > D 0 is such that |£ 0 (^)| is maximal, with 


So{t) — S 0 (t,Ui,U 2 ) 


D 


D<t 


0(D) 


E' 


k b (mod D) 
26 


E* 

a (mod D ) 

















We now wish to remove the condition D < t by arguing that the contribution of those 
Ui, U 2 such that there exists zi, z\ G Ui, z 2 , z' 2 G U 2 with A(zi, z 2 ) < t and A(z(, z' 2 ) > t 
is negligible. Indeed, for such U\,U. 2 , we must have 

A(*i, z 2 ) = t + 0(Nu) = t (1 + 0((logx) y4+6_i )) 

for all z\ G tii, z 2 G U 2 . If U\ — U(c\, 9\) and U 2 —U(c 2 , d 2 ), then 

8111 ( 0 ! - 0 2 ) = (1 + o((iogx) A+6 - L )). 

In general that if one restricts sin(0) to an interval of length /i, then 0 will be confined 
to a set of measure 0(y/]T) modulo 7 t /2 and hence modulo 27 t as well. Indeed, suppose 
0i, 02 G [0, 7 r /2 —y fp\, and that | sin$i —sin0 2 | A 4 - We want to show that \9i~9 2 \ <C y 4 /!. 
This follows from the elementary formula 


sin 0 i — sin 0 2 = 


2 cos 


+ 1 


sin 





provided that cos (A±A) ^/j~ L The latter bound follows from 7 t/2 — (0i + 0 2 )/2 y r jl. 

Hence if we fix ci, 9 1 and c 2 then the total number of choices for 9 2 is (log x )( A + 6 + L )/ 2 , 
This gives -C (logo;) A + 6 +' L )/2 total possibilities for (Ui,U 2 ). A given residue class a 
occurs 0(t(D)) times as b 2 , and D/4>(D) logx. Thus each pair (U\,U 2 ) contributes 
•C (u 4 A 2 (loga ;) 17 to the sum, by Lemma fl3l giving a total contribution of 

_ N 2 (log x) ( A + 40 - i )/ 2 ^ N 

^ 2 ^ < (logx )( i_3A_52 )/ 2 

to E, which suffices when L = 6 A + 52. 

It now suffices to show that 


(27) S 1 = S 1 (U 1 ,U 2 ) = Y 


D 


D 


<HD) 


Y' z (b\D)- YE « 


N 2 


log Cl X 


b (mod D ) a (mod D ) 

for any C\ > 0 and for fixed U\,U. 2 - Since we have A > 0 whenever (zi, z 2 ) G Wi xW 2 we 
see that if ZD | A then 

'1, D = A, 


Y ^ 

k\A/D 


0, A. 


We therefore have 


oo oo 




Dfi(k) 


Y " W(b 2 ,k,D)~ Y’ W(a,k,D) 

b (mod D) a (mod D ) 


where 


W (a, k, D) := Y 0 Z 1 0 22 . 


{.ZliZ2)€Ul XU 2 

kD |A 

0,22=2:1 (mod D) 


When kD | A, there is a unique integer c = c{z\,z 2 ]kD) modulo kD such that cz 2 = 
zi (mod A;77), and conversely this congruence implies that kD | A. For this integer c we 
have (c, fc.D) = 1 and 


7 0{6 (mod Z7) : b 2 z 2 = Zj (mod 77)} = #{6 (mod D) : b 2 


c (mod D)} = Y X( c )- 

X (mod D) 

X 2 =X0 


27 











It now follows that 


53* w ( b \ k , D )- 53' w ( a , k , D )= 53 53' 53 


b (mod D) 


and hence that 


a (mod D) 


E E' E' 

D=l k=l ' ' x (mod D) c (mod kD) (zi ,Z2 )GWl XU2 

X 2 =X 0 C22=2i (mod fcD) 

X^XO 


X (mod D) c (mod kD) (21,22)6^1 XW2 
X 2 =X0 C2 2 =zi (mod feD) 

Xt^XO 


^—1 v b 

2 ^ PziPz*X(c), 


Let d = d(x) be the conductor of x and write D = de and ek = /, giving 

«.EE C (^) E’ E* E" p * p *. x ( c )> 


d> 1 / 


X (mod d) c (mod df) (21,22)6^1 XW2 
X 2 =X 0 C22=2i (mod df) 


where 


, ,,, dep(k) d \ <j)(d)efi(k) 


Note that the sum for x (mod d) is empty unless d = d\ or 4 d\ or 8di, with d\ odd and 
square-free, in which cases there are at most two possible characters x- When d is given, 
the function /c(e) := 4>{d)e/(f)(de) is multiplicative in e. Moreover if v > 1 then 


(k*/j)(p w ) = 


(p — 1) 1 , if v = 1 and p \ d, 


otherwise. 


We then see that 


C(d,f) = 


dp 2 {f) 

< K d f) 


if (d, /) = 1 and C(d, /) = 0 otherwise. This leads to the expression 


* = E ® E* E* E" 

f,d ' x (mod d) c (mod df) (21,22)6^1 XW2 

(d,/)=l X 2 =X0 V cz 2 =zi (mod df) 

x¥=xo 


We proceed to show that large values of / make a negligible contribution. Since 
df | A(zi, Z 2 ) we will have df < 2N. On recalling that 0 < (3 Z < 1 we find that 


E E 

f>F (d,/)=i 


dp 2 (f) 
4>{df) . 


E * % ^ b 

X] ^ PziPnXic) 


X (mod d) c (mod df) (21,22)6^1 XW2 
X 2 =X0 cz 2 =zi (mod df) 


< ( lo Sa) 1 E(a,D) 

/>F d< 2 N/f df\D a (mod D) 

D< 2 N 

< (logx)Er 1 ^ 


/>F d< 2 N/f df\D 

D< 2 N 


N 2 (\ogx) 
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by Lemma [£2J An inspection of (1271) and (1251) reveals that this is satisfactory if we take 

F = (logx) Cl+2 . 

Next, we split our sum into three different ranges for d, namely d < Di, D\ < d < D 2 , 
d > D 2 where 

Di = F w (\ogx) 2Ch+u and D 2 = Fl5(log ^ )3 c 1+21 • 

We deal with the middle range for d in Section [TUI and the remaining ranges in Section 

EU 


10. Proof of Proposition O Middle d 

We proceed to dispose of the middle range of values for d, making use of a major 
intermediate result from the work of Friedlander and Iwaniec [3]. Thus we will consider 
the case in which D < d < 2 D say. (We should make it clear to the reader that there is 
no longer any connection between D and A.) We will set 


£,(£>) :=£/-V(/) £ £* 


f<F 


D<d< 2 D \ (mod d) 
x 2 =X0 


£' £ 

c (mod df) (zi,Z2)£UixU 2 
cz2=z\ (mod df) 


P zl Pz 2 x(c) 


Let d = d\d 2 where d\ is odd and square-free, and d 2 is 1, 4, or 8, and write x — X 1 X 2 
accordingly, so that Xi( n ) is the Jacobi symbol (Jj-). If we set g = fd 2 then g and d± will 
be coprime. We now split the variables z 3 into congruence classes z 3 = Wj (mod g) and 
find that 

£1 (d) « £ £ £ £ 2 ( y D;g,w 1 ,w 2 ), 

f<F d2= 1 , 4,8 w\ ,W2 (mod g) 

where 


£ 2 {P\g,wi,w 2 ) ■= 


D/S<di< 2 D 
(di ,g)=i 


E * ^— •yb 

/ v Pzih ' Z 2 

b (mod di) (zi,Z2)€.UixU 2 
Zj=Wj (mod g) 
bz2=z\ (mod di) 


P'ziPz2 ( ^ 


We now write 7^. = (3 Zj if z 3 = Wj (mod g), and j Zj = 0 otherwise, so that 0 < 71,72 < 1. 
It follows that there is some choice of f,d 2 and w\,w 2 such that 

Si(D) « F%(D ) 


with 

E * ^ 

2^ lzilz 2 
b (mod d) (zi,Z2)£UixU 2 
bz2=z\ (mod d) 

(Here we have replaced the dummy variable d\ by d. for notational convenience.) 

Writing Zj = x 3 + iy 3 for j = 1,2 we classify the numbers z 3 according to the value of 
(xi, d) = r, say. Since bz 2 = Z\ (mod d) with (6, d) — 1 we will have (x 2 , d) = r also. We 
now write d = rs and x 3 = ruj for j = 1, 2, so that (u 3 , s ) = 1. Since z 3 is primitive and 
r | Xj it follows that (yj, r) = 1. Then d \ x 1 y 2 — x 2 y\ if and only if there is a b such that 
bz 2 = z 1 (mod d). Moreover d \ x\y 2 — x 2 y\ if and only if uyy 2 — u 2 y\. Thus there is an 

29 



£ 3 (D) = Y, 

D/ 8 <d< 2 D 









integer c such that yiu 1 1 = y 2 U 2 1 = c (mod s). We will also have bu 2 = u\ (mod s ) and 
£> 2/2 = 2/i (mod r), so that 

(!) -(;)(;)-(“) (=?)■ 

These considerations show that 


£ 1 (T>) < F 3 ^ Y ^ 2 (2rs)|£i(r,s,c)E 2 (r,s,c)|, 

D/ 8 <rs< 2 D c (mod s) 


with 


Ej(r,s,c) : ^ 7 ruj+iyj ) 

ruj +iyj izUj 

yj u J 1 = c ( m °d s) 



We have dropped the condition ( Uj , s) = 1 since the Legendre symbol vanishes when this 
fails to hold. 

By Cauchy’s inequality we deduce that for either j — 1 or j — 2, 


(29) £,(£>) «F 5 ]T ]T /j?(2rs) ]T l E U^s,c)| 2 - 

r< 2 D D/ 8 r<s< 2 D/r c (mod s) 


Suppressing the dependence on r and j we may write 

Zj(r,s,c):= “*, 1 / 0 ) 

yu~ 1 =c (mod s ) 


where 


&u,y '~fru+iy 


E\> 

hold, and a u _ y = 0 otherwise. The 

coefficients a U)V are therefore supported in |w| < \J2N/r and \y\ < y/2N. Since (3 Z is 
supported on values with z primitive and Re(z) odd, we may assume that ( u,2y ) = 1. 

We are now ready to apply Proposition 14.1 of Friedlander and Iwaniec [4]. This shows 
that if a U}V is supported in U < u < 2U and Y < y < 2 Y, then 


h 2 ( 2 s) Y ^0 

S<s< 2 S c (mod s) yu~ 1 =c (mod s) 


< N{S 1 U 1 Y)Y j r{u)\a U)y \ 2 

u,y 


with 


n(s, u, l) c e s + s-^uy + s 1/3 (f/y) 2/3 (iog[/r) 4 + (u + y)V 12 (uy) u / 12+6 

for any fixed e > 0. 

In our case we have 

5>(u)K7 2 < UY (logx). 
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Thus, if we sum over dyadic ranges for u, y, and s, we obtain 

Y2 ^( 2rs ) l E i( r >s,c)| 2 

D / Sr < s < 2 D/r c (mod s ) 








2/3 

(logo:) 4 + A 1/24 


< {D + D~ 1/2 N + D 1/3 N 2/3 + N 23/24+e } — (logx) 5 . 

r 



Summing over r, we see that from (129]) that 

£i(D) < F 5 (\ogx) 6 {D + D~ 1/2 N + D 1/3 N 2/3 + N 23/24+e }N. 


N 

r 


(logx) 


Thus, on summing over dyadic ranges for D , we see that values of d with D\ < d < D 2 
make a satisfactory contribution given our choices of D 1 and D 2 . 


11. Proof of Proposition [7| : large d and small d 


11.1. Large d. Now, we will show for fixed / < F, and any C > 0 that 


E d v 

d > D2 ' \ (mod d ) 

d , f)=1 


/ \ 

Yl Yl* PziPziXic) 

c (mod df ) ( z \, Z2)&Ui XU2 
\ cz2=zi (mod df ) / 


N 2 

<c ~——• 

log X 


In the sequel, we shall use the convention that C denotes a large positive constant, not 
necessarily the same from line to line. 

As in the previous section we decompose d as d\d 2 and x as XiX 2 - Writing A = A(zi, z 2 ) 
for short, we must have df \ A, and so we may set A = diet where e is odd and 
t is a power of 2. Our conditions on IA\ and U. 2 ensure that 0 < A < 2 N, whence 
1 < et < 16N/D 2 -C (logx) 18C,1+51 . We split the sums over Zj into congruence classes 
Zj = Wj (mod 8et), and fix the parameters 

(30) /, d 2 , X 2 , e, wi, w 2 and t. 


Each admissible pair z\, z 2 corresponds to a unique integer k (mod A) with the property 
that kz 2 = Zi (mod A), and then 

X( c ) = X{k) = X2(k) , 

where x 2 (^) is determined by the parameters fj30|l . The number of choices for the param¬ 
eters (j3U|) is bounded by a fixed power of log x so that it suffices to show that 


E 

d \ f > D 2 / d ,2 
(di,2/)=l 


difi 2 (di) 

<f>(di) 


E' E 1 a.« 

k (mod A) 21,22 



N 2 

-—— 

log X 


for every C > 0, where the sum over Zi, z 2 satisfies the conditions 


(zi, z 2 ) G Ui x U 2 , kz 2 = z\ (mod A) Zj = Wj (mod 8 et) (j = 1, 2) and A = diet. 

We proceed to investigate the Jacobi symbol which occurs here. Our analysis is very 
close to that given by Friedlander and Iwaniec [3J Lemma 17.1]. However our situation is 
not quite the same as theirs. In what follows we will make repeated use of the fact that 
Zj = Xj + iyj with Xj > 0 and (xj, 2yf) = 1. If we set r = (aq, A) then, as in the previous 
section, we have r = (x 2 , A), allowing us to write Xj = ruj for j = 1 and 2. Since the Xj 
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are odd we see that r \ die, and setting s = d\e/r we find that ku 2 = U\ (mod s) and 
ky 2 = yi (mod r). Then (k,e) = 1 since {k, A) = 1, and ( y.j,r ) = 1, since Zj is primitive. 
We therefore find that 

s) - © © © - © m (“) 

Recalling that Zj = Wj (mod e), we see that (£) is determined by Wi and w 2 . By quadratic 
reciprocity we have 

'Uiu 2 \ _ ( s 




U\U 2 


< S, U\U 2 >, 


where 


< a, b >:= (-l^-dM/ 4 

for odd integers a, b. However A = xiy 2 — x 2 y\, whence st = U\y 2 — u 2 y\. It follows that 

s \ ( ~tu 2 yi \ 


and 


so that 


u 1 

s 

U 2 


U 1 J 


( tuiy 2 \ 

l«2 /’ 


UiU 2 


t 


UiU 2 

t 

XiX 2 


U 1 
-1 
X\ 


m 

Ui 


V2 

u 2 

Vi 

U\ 


< Ui, u 2 > 


2/2 


— < Ui,U 2 > . 

u 2 


The first two factors on the right are determined by the parameters d30T) . since Zj = 
Wj (mod 8), whence 


k \ (ViVA . . / -- 1 W Vi \( Vi \ . 

} =V[ - < U\U 2 > — — — < ui, u 2 >, 


d\ 




-1 

r 


Ml 


u 2 


for some value of 7] = ±1 determined by the parameters (1501) . We then deduce that 

k \ fyi\ (V2 


d\ 


= V 


X\ 


X2 


<r,r >< s,U\U 2 >< u\,u 2 > . 


We can now use the relations < ab, c >=< a, c >< b,c > and < a, be >=< a, b >< a,c > 
to conclude that 

k 

< sr,uiu 2 >< x\,x 2 > 


d\ 


= V 


= V 


2/2 

x 2 

2/2 

X 2 


< d\e,x\x 2 >< x\,x 2 > . 


The parameters (150]) determine x\,x 2 (mod 8 et), and it follows that the factor < x\,x 2 > 
is uniquely determined by the parameters (150]) . Moreover, 

diet = A = Im ( Z\Z 2 ) = Im (wiw 2 ) (mod 8 et). 

Writing Im {wiw 2 ) = etn, we see that di = n (mod 8) so that di (mod 8) is determined 
by the parameters (1501) . and so < die,XiX 2 > is also. 

We therefore see that it will be enough to show that 




b diy 2 {di) ( 2/1 \ f y 2 \ 


N 2 


2/i 


2/2 














for each given set of parameters (I5UD . where the sum over Zi,z 2 is restricted by the 
conditions 


(zi,z 2 ) £ Wi x lA 2l Zj = Wj (mod 8 et) (j = 1,2), et | A, d\ > D 2 /d 2 , and (d 1; 2/) = 1. 

E\> 

, 

since /3 Z is supported on primitive z = 1 (mod 2) with positive real part. Moreover the 
condition et | A depends only on the choice of w\ and w 2 . Following the notation of 
Friedlander and Iwaniec [H, Section 17] we write 


P'z = Pz[z] 


= /3 z i^~ 1)/2 (- 


x 


for z = x + iy. Since the factors corresponding to i^ x 1 are determined by W\ and w 2 
we then see that it suffices to show that 


£ 4 :=]T 

21,22 


di/i 2 {di) 


P' Zl P'z 2 ^ c 


N 2 

~C~' ' 

log X 


where the sum is subject to 


(zi, z 2 ) G U\ x W 2 , Zj = Wj (mod 8 et) ( j = 1, 2), d\ > D 2 /d- 2 , and (g?i, 2/) = 1, 

with di := A/et as before. 

The multiplicative function 


k(ti) 


nfi 2 (n) 


0 , 


(n,2/) = l, 
(n,2/) > 1, 


may be written as k = Kq * 1, where Kq(ti) = yin) for n | 2/, and for p \ 2/, 


«o(p) 



p — 1 ’ 


and k 0 (p r ) 


0, (r > 3). 


It follows that we may write 


£4 = J] K o( n ) J] ^1^2 

71=1 21,22 


where the inner sum is subject to 

(31) (zi, Z 2 ) G x W 2 , Zj = Wj (mod 8 et) (j = 1,2), A > etD 2 /d 2 , and etn | A. 
Since 

Z(a,D)^N 2 /„ 

(z\,Z 2 )&A\xU 2 D<2N a (mod D) 
n|A n\D 
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by (12T1) . the contribution to £4 from integers n > (logo:)' 8 say is 


< 


< 


•C 






N 2 


n 


l«o(n)| 


E 

n>(\ogx) B 

E , E 

n l|2/ n2ng>(loga;) s /ni 


N 2 log(n 2 n 3 ) 


n\n\ 


E . E 

ni|2/ m 2 >(log x) B /n\ 

N 2 {\ogx) l ~ B ^ 2 n l J 2 

ml 2/ 

FN 2 (log x) l ~ B/2 . 


N 2 r{m) log m 


m z 


In order to achieve a bound 0(N 2 (log x)~ c ) for £4 we choose B so that F(\ogx ) l ^ B ^ 2 = 
(logx) - . Thus it will now be enough to show that 

1 \J 2 

E PA «c 


Zl,Z2 


log' 


C+B 


X 


log X 


for every fixed C > 0, for each individual value of n < (logo:) 8 . The sum is again subject 
to dm and we can allow for the constraint etn | A by subdividing the sum according to 
the values of z 3 modulo 8 etn. Thus there are Gaussian integers wi,u>2 for which it will 
sufhce to show that 

N 2 

E PA «° 

{z\ ,Z2)&A\ X.U 2 
Zj=Wj (mod 8 etn) 

A>etD 2 /d ,2 

for every fixed C > 0, and for each choice of e,t,n < (loga:) G and of w 1 and W 2 - 

Our next task is to remove the condition A > etZ^/e^• This may be done by fur¬ 
ther subdividing the regions Ui and following the methods of Section 0 used to prove 
Proposition [6j We do not repeat the details. 

We now have to handle 


E 


PA = 


E P\\ E p* 


(zijZ2)€Ul xW 2 
Zj=Wj (mod 8 etn) 


z£Ui 
z=w 1 (mod 8 etn) 


zeU 2 

z=w 2 (mod 8 etn) 


we note that 8 etn is at most a power of log x, while f3' z is supported on values for which 
every prime factor of N(z) is at least x 5 . Thus 2 is automatically coprime to 8 etn, and 
so we may assume that W\ and W 2 are coprime to 8 etn. This allows us to pick out the 
congruence conditions z = w (mod 8 etn) using multiplicative characters x (mod 8 etn) 
over Z[i]. We therefore deduce that 

& = A 5Z x(w)S(x,Uj), 


zEUj 


0qw( 8 etn ) xi Jy 8etn) 


z=w (mod 8 etn) 

where 0 q (i){q) is the Euler 0-function for the Gaussian integers, and 

S{xM) = yp'zXi.*)- 

z&A 
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We have then reduced our problem to one of showing that for all C > 0, 

S{xM) «c N (log x)~ c , 

for all x (mod 8 etn) and IA = IA\ or IA = IA 2 . From now on it will be convenient to set 
/ = 8 etn, so that x is a character to modulus /. The reader should note that we are 
recycling some of our previous notation — the symbol / no longer has its former meaning! 
We recall here that IA is of the form 


(32) IA = {z : VW < \z\ < (1 + oui)\/N', 9 0 < aigz < 9 0 + uj 2 }, 

where N' x N. We pick out the condition aigz G (9 0 , 9 0 + co 2 ) using a twice continuously 
differentiable periodic function w(9), where 


w[9) 


1 if 9 G (9 0 , 9 0 + uj 2 ) (mod 2n) 

0 if 9 ^ [9 0 — log' 0, x, 9 q T oj 2 + log _c x)] (mod 2n), 


and where \w"{9)\ <C log 2C a:. Then 


S{x,U)= P'zX(z)w(axgz) + O 

N'<N(z)<N'(l+u) 


(»). 
Vlog C x) 


The Fourier coefficients of w satisfy Ck <C k 2 log 2C x for k ^ 0, whence 


w(arg z) = 


Ck 


Ck 

|fc|<l°g 3C X 


+ 0(log c x). 


It then suffices to show that 

S(x,N',k):= Y PzX( z ) (nr) <£c N(\ogx)- 4C 

N'<N(z)<N'(l+u) Vxl/ 

for any C > 0, and for \k\ < log 3C x. Indeed we will do rather better, and show that one 
can achieve a small power saving in N. 

Recall that (3 Z = /3n(z), where /3 n is the indicator function of a set of one of the shapes 


Qj ■ = {Pi--Pj +1 e (N', N\1 + w)] : p j+ 1 G J, p j+ 1 < ... < Pi < Y, 
Pi-Pi < Y < Pi-.-Pj+i < x 1,2 ~ 5 } 


or 


R := {n G (N‘, N'( 1 + w)] : (n, P(V)) = 1}. 


logy 
S logo: 


Here we will have 0 < j < no = 

we interpret Q 0 to be {p : p G J fl (N\ N'( 1 + tc)]}. 
It will be convenient to write 


, and J — [V,V( 1 + k)) C [x s ,Y). In particular 


(33) 


\(n)= o 


N(z)=n 


E P 

denotes a sum over primitive x Then 


%y,i) = ^A(n), 

n 

where n runs over R, or one of the sets Qj. We discuss the procedure in the case of Qj , 
the situation for the set R being similar, or indeed easier. One small difference is that 
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elements of R need not be square-free. However integers n G R which are not square-free 
make a negligible contribution, since any prime factor must be at least x s . 

We begin by handling the terms in which the largest prime factor of n, which we write 
as P(n) say, exceeds _/V 99//10 °. The contribution from such integers is 

A (mp). 

m<2W 1 /l00 p >max (p(rn),N 99 / 100 ) 
mp£Qj 

Since p is the largest prime factor of mp one sees from the definition of the set Qj that 
one may rewrite the conditions p > P(m ) and mp e Qj to say that p runs over a certain 
interval Ij(m ) C [N/m,2N/m). We may then apply the following result of Iwaniec and 
Friedlander a Theorem 2^] 

Lemma 16 . For any m > 1 we have 

A(n)A(mn) <C f{\k\ + l)mU ‘ & ^ ( , 

n<U 

where A is given by (|531) and x is a character modulo f. 



Note that in our situation fk is at most a power of logo;. The above result shows that 

E E A (mp) < f(\k\ + 1 ) ^ m(N/m ) 76 / 77 

m<2N 1 / 100 p>max(P(?n),Af"/ 100 ) m^N 1 / 100 

mp&Qj 

« f(\k\ + l)N 76 / 77+ ^ 7 ^ 100 . 

Since 76/77 + (78/77)/100 < 1 this is satisfactory. 

We now examine the terms in which every prime factor of n is at most N"/ 100 , To 
do this, we first rewrite our sum in terms of bilinear sums. Let n — p\.. - Pj + i , as in 
the description of the set Qj, and divide the range for each prime p, into intervals of the 
form (Pj,2Pj]. This will give us at most (21ogiV) 1+no sets of dyadic ranges, and since 
n 0 < h _1 = (logx) 1_ro there will be 0(N e ) sets of ranges. Moreover we may suppose 
that 

3+1 3+1 

n^«iv«2^np, 

i=l i=l 

Since we may now assume that Pi < N"P°° there will be an index u such that 

U 

N i/wo < Yl Pt < jy"/ 100 ' 

1=1 

Fixing such an index we split n as n — ab with 


3+1 


a = 


13Pi, and b= \\ Pi, 


2=1 


2 = 22+1 


so that a < Ni and b < N 2 with 


3+1 


N 1 := 2 1 +n °Y[P i and N 2 := 2 1+n ° JJ Pi, 


2=1 


2 = 22+1 


and hence 
(34) 


JV,JV 2 « iV 1+< and JV,, N 1 <£ JV 99/1M+ ‘. 
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We will then have N\N e <C a < Ni, and similarly for b. Onr description of Qj may now 
be expressed by requiring that a G Qj :U and b G Q'j U for appropriate sets Qj tU and Qj tU , 
together with the conditions that ab G I = (N 1 , N'( 1 +ca)] D [Y, x 1 / 2-5 ), that pj^ab < Y, 
and that p u+ \ < p u - Specihcally, we take 

Qj,u = {a = pi...pu ■ Pi G (Pi, 2 Pj],p u < ... <pi < Y}, 

and 

Q'j.u = {b = Pu+i-.-Pj+i ■ Pi G (P i ,2P i ],p j+1 G J,p j+ 1 < ... < p u+ 1 < Y}. 

In order to separate the variables a and b completely we subdivide the available 
ranges for a, b,pj + \ , p u and p u +1 into intervals of the shape ( A , A + A/L\, (P, B + B/L\, 
(Pj+i.P'j+i + q+./U (K, PL + n/i] and (P; +1 , P/ t+1 + P,(+i /-b] • Here the parameter 
L will be a small power of iV. The reader should note that we do not insist that each of 
these intervals should have length 1 or more. Indeed such an interval may not contain 
any integers at all. There will be 0(L 5 (logx) 2 ) collections of such intervals. There will 
be some for which the conditions ab G I, pj^ab < Y, and p u +\ < p u hold for every choice 
of Pi,--- ,p j+ 1 satisfying 

a G (A,A + A/L\, be (B,B + B/L\ 

Pj +1 e {P'j+n P'j+i + Pj+i/L\, Pu £ (PL, PL + P'JL\, Pu+i G (P' u +i,P'u +1 + P'u+i/P], 

and 

Pi eh (i l,u,u + l). 

In this case the corresponding subsum is 


A (ab), 

a£Qj,un(A,A+Ni/L\ beQ' ju n{B,B+B/L] 

PuG(P u ,P u +P u /i] Pj+iS(Pj + 1 ,Pj + 1 +Pj + 1 /L] 

Pu+lS(P^ + 1 ,P^ + 1 +P^ + 1 /L] 

so that we have separated the variables a and b. For such sums we can apply the following 
consequence of Friedlander and Iwaniec pfj, Proposition 23.1]. 

Lemma IT. Let di(m) and (n) be bounded arithmetic functions supported on 1 < m < 
Ni and 1 < n < N 2 respectively. Then 

^^di(m)d 2 (n)X(mn) -C (W + N 2 )^ (NiN 2 )^ +e . 

m,n 

Since A < and B < N 2 this gives us a bound 

^ /^99/100^1/12^-11/12+6 _ jyl-1/1200+6 

in view of (IMll . Since there are 0(L 5 N e ) such subsums the overall contribution is 

O ( jL 5 7V 1 - 1 / 1200 +6)_ 

It remains to consider the contribution from “bad” sets of ranges which are not ex- 
cusively contained in the region given by ab G /, pf+iab < Y, and p u +1 < p u ■ Suppose 
that the interval / is given by / = [ei,e 2 ], for example, and that there are integers 
a, a' G (A, A + A/L\ and 6, b' G (B + B/L\ for which ab e I but a'b' I. Then we must 
have ab = (l + 0(L“ 1 ))ei or ab = (1 + 0(L” 1 ))e 2 . We now consider the total contribution 
from integers n G Qj for all such “bad” choices of intervals (A, A + A/L], ( B , B + B/L\, 

(q+l.q+l + Pj+ l/i], (PL, PL + P'JP] (PL+l.PL+l + PL+l/P}- Since each integer n 

occurs at most once, and A(n) = 0(r(n)), the contribution will be 

< T ( n ) < n 1+€ l-\ 

n=(l+ 0 (L~ 1 ))e i 

37 



Similarly, if we have pj^ab < Y but p'j +1 l a'b' > Y, then pj^ab = (1 + Now 

Pj+iY x AB < NiN 2 -C N 1+e , so any n which is to be counted will have a prime factor 
p <C N 1+e /Y such that p~ l n = (1 + 0(L _1 ))E. Thus, writing n = pm, we see that the 
total contribution in this case is 


E E r(pm) < N 1+e Y~ 1 { 1 + L^Y) < N 1+e L~\ 

p^N'L+t/Y m=(l+0(L~ 1 ))Y 


for L < Y. 

Lastly, if P u = P u+ i, then it may happen that the condition p u+ \ < p u is satished 
by some, but not all, pairs of primes (p u ,p u+ 1 ) from the intervals (P' u , P^ + P'JV\ and 
(pU»pLh + P' u+1 /L}. Clearly this problem cannot arise when L > 2 P u since then the 
intervals (P' u , P^ + P'JL] and (P' U+1 ,P' U+1 + P' u+l /L\ contain at most one prime each. It 
follows that any n to be counted in this case will have two prime factors p' > p > P u > L /2 
with p' — (1 + 0(L~ l ))p. Hence the corresponding contribution is 


« E 

p' >p>L/2 
p'={l+0{L-'))p 


r H ^ 

n<CAT 

p'p\n 


E 

p' >p>L/2 
p'=(l+0(L- 1 ))p 


N 1+e 


P'P 


< N 1+e L~\ 


We therefore hnd that our sum is 


< L^N 1 - 1 / 1200+e + N^L - 1 


if L < Y. We may then choose L = TV 1 / 10000 for example, to achieve the claimed power 
saving. 


11.2. Small d. To handle small d it will be enough to show for any / < F , d < D\, and 
any non-principal x (mod d), that 

E * ^ N 2 

/ j Pzi/3z2x{ c ) C ' ~c ) 

L ' loff X 

c (mod df) (zi,Z 2 )EUixU 2 ® 

cz 2 =z\ (mod df) 


for every C > 0. Since 

x ( c ) = °> 

c (mod df) 

it suffices to prove that if U = U.\ or U 2 then there is an 971 = 971 (U, df) such that 


(35) 


E a 


zeu 

z=a (mod df) 


971 + 0 



7 


for any ( a , df) = 1, and any C > 0. 

As in Section fll.il we may assume that /3 Z = Pn(z)i where f3 n is the indicator function 
of either Qj or R. We describe the procedure for Qj, the method for R being similar. 
We decompose z as Z\Z 2 with iV(zi) being the largest prime factor of N(ziZ 2 ). The 
requirement that n G Qj is then equivalent to a condition of the form N(z 2 ) G Q) together 
with a restriction of the type iV(zi) G I(z 2 ) for some real interval I(z 2 ). Specihcally we 
have 

Q'j = {P2-Pj+i ■ pj+ 1 e J, p j+ 1 < ... < p 2 } 


N' 

N(z 2 ) ’ 


N'{1 +cu) 

N(z 2 ) 

38 


- y ^i/ 2 —5 \ 


and 


I(z 2 ) = (p 2 ,Y) n 













where p 2 is the largest prime factor of N(z 2 ). When U is given by (1H2D the condition on 
the size of N(ziz 2 ) is exactly the condition 


N( Zl ) e 


/ N' N'(l + u) 
\N{z 2 ) ’ N(z 2 ) 


and we have 0 q < arg z < do + (x 2 exactly when 


1 


Oi(z 2 ) < arg zi < 0!(z 2 ) + cu 2 , 


with d\(z 2 ) = 0i — &rgz 2 . 
ft follows that 

(36) ^ P * = N ( z 2 , a ), 

z&A 22 eQ' 

z=a (mod df) ( Z 2 , d f)=l 

where Af(z 2 , a) is the number of Gaussian integers z 1 satisfying 


Zi = az 2 (mod df), N(z 1 )el(z 2 ), and 0i(z 2 ) < argzi < 0 1 (z 2 ) + lo 2 , 


and for which N(zi) is prime. Here z^ is the inverse of z 2 modulo df. 

We can estimate A f(z 2 , a) using a form of the Prime Number Theorem for arithmetic 
progressions, over number fields. Given gel, any Gaussian integer a coprime to q, and 
any 0 £ [0, 27 t] write n(x; q, a, 0) for the number of Gaussian primes // = a (mod q ) of 
norm at most x and with 0 < arg(/x) < 0. The principal result of Mitsui [10] tells us that 
there is an absolute constant c such that 


(37) 


tt(x] q, a, 0) = 


0 


</>Q (i)(q) 2vr 


Li(x) + Oa(x exp(—cy^log x)) 


uniformly for all 0 £ [0, 2n] and all q < (logx)" 4 . Here f>Q(i)(q) is the Euler 0-function for 
the Gaussian integers. 

We now apply (137)) to estimate Af(z 2 ,a). We have I(z 2 ) C (0, 2iV/Ar(^ 2 )], and so we 
will need to know that df < (log2N/N(z 2 )) A for some constant A. However we recall 
that if p divides an element of Qj then one has p > x s with 5 = (logx) OT_1 . Thus we 
will have 2N/N(z 2 ) > x s so that df < (\og2N/N{z 2 )) c ^ whenever df < (logic) 6 '. The 
required condition is therefore satisfied when / < F and d < Di. 

We therefore End that 

Af(z 2 ,a) = dJX(z 2 ,df,j,U) + 0 ^ -^-y exp(-c(logic) ro/2 )^ , 


where the main term 201 (z 2 , df, j. U) is, crucially, independent of a. If we feed this into 
(IHSl) we then obtain the desired estimate (135 H . This completes our treatment of small d. 


12. Distribution of sequences in arithmetic progressions 

The purpose of this final section is to prove Corollary [5] and the more general Theorem [2] 
below. Theorem 2 is motivated by the possibility that an interesting arithmetic function 
can be biased for certain small moduli — that is, the sequences does not satisfy the 
Siegel-Walfisz condition. In this case, we can still prove a result about the distribution 
of such a sequence in arithmetic progressions by adjusting the main term. 

We first fix some notation for the rest of the section: for any arithmetic function a(ri) 
with finite support, we let 








For arithmetic functions Ci and C 2 , we shall see that ||cit|| 2 ||c 2 t || 2 is an upper bound for 
||ci * c 2 || 2 . 

Let 7 (n) and S(n) be arithmetic functions supported on n < Ni and n < N 2 respectively 
and let Qo > 1 . For a character y, let Q(x) be the conductor of the unique primitive 
character which induces y. Now, let 

S(a,q)= 7 (ni)(5(n 2 ), 

ni=ari2 (mod q ) 

(niH2,9)=l 


and 


M(a,q ) 


1 

0 (g) 


7 (ni)<5(n 2 ) y(ni)y(an 2 ) 

ni ,ri2 x (mod q) 

Q(x)<Qo 


S(a,q) = S(a,q) - M(a,q). 

Note that A4 (a, q) is the expected main term for S(a, q). The main result of this section 
is below. 


Theorem 2. For any Q G N, let 

s = Y \ £ ( a ^)\ 2 - 

q<Q a (mod q) 

Then, 

£ c(q + ( 1 °g ( 3)llwll 2 ll<HI 2 - 

12.1. Proof of Theorem [2]. We first prove a consequence of the large sieve which lies 
at the heart of our result. 


Proposition 9. Let a(n ) be any arithmetic function supported on n < N, and for any 
character y, let 

A (x) = J^a(n)y(n). 

n 

Further, let Q{ y) denote the conductor of the unique primitive character that induces y. 
Then 

S IVx)| 2 «(^ + £)(log^)||ay 

h<H Yy ' x (mod h) V U/ 

Q(x)>h 0 


Proof. For each non-principal character y (mod h). let if (mod h\) be the unique primitive 
character which induces y, where we may write h = h\ h 2 for hi > 1. Then for any n, 
X(n) = if{n) if (n, h 2 ) = 1 and y(n) = 0 otherwise. Let us write 


whence 


A(ip, h 2 ) — a(n)^(n), 


(n,/i 2 )=l 


1 1 




h\h 2 <H 

hi>ho 


ip (mod hi) 


40 







where denotes a sum over all primitive characters modulo h\. Applying 

' ^ 'ip (mod hi) 

the multiplicative large sieve (see e.g. (9.52) in [3]) in dyadic ranges, we see that 


E 


Mhf) 

hQ<h\<H/h 2 ip (mod hi) 


^ |A(-0,/r 2 )| 2 < ( — + 


H N 


h 2 h 0 


whence 


s« £ 


h 2 <H 


H N 


(/>(h 2 ) \h 2 + h 0 ] llal 


, TT N log H \ .. ||2 

+ Hall 2 - 

The Proposition then follows. 

We now proceed to the proof of Theorem [2j 
Proof. We have 


G (x)D(x)x(i 


X (mod q) 

Q(x)>Qo 


where 


and 


Then 


G(x) = 


D (x) = ^5(n)x(n). 


£ ^ (p(q) 2 ^ 

q<Q a (mod q) 


E G{X)D(X)X(C 


X (mod q) 

Q(x)>Qo 


where 


= ^W) E 

q<Q ' x (mod q) 

Q(x)>Qo 

< (q + ( 1 °g ( 5)ll a ll 2 ! 


a ( n ) = TfaiMfaO, 


n=nin 2 


and where we have used Proposition O with a{n) supported on n < NiN 2 . 
However Cauchy’s inequality yields 


whence 


(n)| 2 <r(n) |7(rai)5(ra 2 )| 2 < ^ |7(ni)5(n 2 )| 2 r(ni)r(n 2 ), 

n=niri2 n=niri2 

IM| 2 < \l{n 1 )5(n 2 )\ 2 Tfni)T{n 2 ) < ||7r|| 2 ||5r|| 2 . 


□ 


711,712 
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It follows that 


S I Q + 


NlN 2 

Qo 


(logQ)||7^H 2 ||^H 2 , 


as desired. 


□ 


12.2. Proof of Corollary [2l We have 

1 


S(x;a,q) = 


0 ( 9 ) 


E E x(ni)x(an 2 )ci(ni)c 2 (n 2 ). 


X (mod q) ni,n 2 

Then, taking Q 0 = (logx) A+1 , we see that 
|5(a:;a,g) - S(x;q )| 2 


</>(<?) 


E E X (ni) x (an 2 ) ci (ni) c 2 (n 2 ) 


X (mod q ) ^ 1,^2 
Xt^XO 


= \S(a,q) + E(a,q,Q 0 )\ 2 
•C |£(a, q)\~ + \E(a, q, Qo)\ 2 , 


where 


E(a,q,Q 0 ) = 


</>(<?) 


S {S c ^ n )x(n )} { S c 2 (n)x(an) 

mod q) \ n ) \ n 


X (mod q) 

KQ(x)<Qo 


and S(a, q) is as defined in Theorem [2] with 7 = <7 and 5 = c 2 . We let 5(A) = A + 1 and 
apply Theorem E] to see that 

Y Y \S(x-,a,q) - S(x-q )\ 2 ^ X A ||cit|| 2 ||c 2 t| 1 2 + Y ^ |^(a, g, Q 0 )| 2 - 

q<Q a (mod q) q<Q a (mod q) 


It now suffices to bound the last term. We apply the Siegel-Walfisz condition (|Tj) with 
Qo < (logx) K , for some constant k > A + 1 to be determined, and deduce that 

y^ci(n)x(ra) ^ ^c 1 / 2 ||ci|| (logcc) — 

n 

The sum involving c 2 may be bounded trivially as 

Y |ca(n)| < x 1/2 ||c 2 ||, 

n 

and since the number of characters with modulus less than Q 0 is at most Qq, we have 

Qo^||c 1 ||||c 2 || 


E(a,q,Q 0 ) -C 


0(9) (log x ) h 


Thus 


q<Q a (mod q) 

<c 


<5o a;2 |l C l|| 2 |l C 2|| 2 


E 


(!°g X^ K ^ </>(<?) 


QW 


c 2 1 


(log x] 


2k—1 
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We then see that the Corollary follows upon choosing 

2 k = 5,4+ 5. 
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